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Nonanalytic Dispersion
Relations for Classical Fluids.

Il. The General Fluid
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The analytic structure of the hydrodynamic frequencies z(k) for the sound,
heat, and shear modes and of the hydrodynamic equations for a monatomic
fluid are discussed on the basis of the mode-mode coupling theory. It is
shown that the hydrodynamic frequencies depend on the wave number k,
for small k, as z(k) = ak + bk® + 521 c,k®*~27", and that some of the
correlation functions that appear in the Fourier-Laplace transforms of the
hydrodynamic equations contain branch point singularities. The implica-
tions of these results for the derivation of linear hydrodynamic equations,
such as the Burnett equations, and for the long-time behavior of time
correlation functions are discussed.

KEY WORDS:: Statistical mechanics; nonequilibrium statistical mechanics;
hydrodynamic equations; Navier—Stokes equations; Burnett equations;
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1. INTRODUCTION

The study of nonanalytic dispersion relations in classical fluids was begun
in a previous paper‘®, hereafter referred to as 1. In I we discussed kinetic
theory for a moderately dense gas of hard spheres, and showed that as a
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result of certain dynamical events taking place in the gas, hydrodynamic
frequencies, such as the sound mode frequency z,, have a nonanalytic
dependence on the wave number & of the form

z, = tick + ak® + bk®? + ... 6y

We arrived at this result by deriving what are known as the mode-mode
coupling integrals on the basis of dynamical arguments, and expressing the
hydrodynamic frequencies directly in terms of these integrals.

To discuss the hydrodynamic frequencies for a more general class of
fluids by arguments similar to those in I, a fundamental dynamical theory
would be needed for such fluids. At the present time such a theory is not
available. Instead, we shall assume that for a general class of fluids the hydro-
dynamic frequencies are determined by the mode-mode coupling theory
formulated on the basis of phenomenological arguments by Kadanoff and
Swift,® Kawasaki,”® and Ferrell,® and on the basis of somewhat different
arguments by Ernst et al.® Using the mode-mode coupling theory, we show
that the nonanalytic wave number dependence typified by Eq. (1) also holds
for a general class of fluids, and recover the results of I in the limit of low
density. In addition, we verify a conclusion of Pomeau’s® that there is, in
the dispersion relation for the hydrodynamic frequencies, an infinite number
of powers of k between k? and k® with the general form k2*%», where P, =
1 —2-"

We will discuss in some detail other analytic features of the decay of
hydrodynamic disturbances in fluids that result from the mode-mode cou-
pling theory, either as given here or as derived in I. These are: (i) the divergence
of the transport coefficients in the Burnett and super-Burnett hydrodynamic
equations which result if one assumes ab initio that the corrections to the
Navier-Stokes equations may be expanded in powers of the wave number,
or in higher order gradients of the hydrodynamic variables; (ii) the presence
of branch point singularities in the mode-mode integrals, noted first by
Dufty™; and (iii) the relation between the k2*%» terms in the dispersion
relation and the ¢t~ *%» terms which appear in the long-time behavior of the
time correlation functions that determine the Navier-Stokes transport
coeflicients.

The plan of the paper is as follows. In Section 2 we will give a derivation
of the hydrodynamic equations in a form most useful for our discussion. In
Section 3 we apply the mode-mode theory and obtain the dispersion relations.
In Section 4 we discuss the effect of the branch point singularities on the
decay of hydrodynamic disturbances. In Section 5 we consider the long-time
decay of the time correlation functions, and also discuss the convergence of
the infinite series of terms that appears in the dispersion relations. In Section
6 we discuss the divergence of the transport coefficients associated with the
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Burnett and super-Burnett equations. Finally, in Section 7 we discuss our
results.

2. GENERALIZED HYDRODYNAMICS

Consider a collection of N identical particles of mass m, confined to a
volume V. The particles interact with central, pairwise forces and obey
classical mechanics. The hydrodynamic equations for such a system are
equations for the average number, momentum, and energy densities, which
are considered to be suitably defined averages of the microscopic number
density n(r), momentum density g(r), and energy density e(r):

n(r) = i 8(r; — 1)
g) = > mvid - 1) @

@) = > &5 — 1)

Here r; and v; denote the position and velocity of particle i, and ¢; is the
energy of the ith particle:

o= dmu 45 > 4(r) (22)
j(#1)
where #(r) is the pair potential and r;, = |r;| = |r; — 1], so that H =
Jdr e(r) is the Hamiltonian of the system.
The average number, momentum, and energy densities that appear in
the hydrodynamic equations are denoted by {a(r, #)), where a = n, g, or e.
The nonequilibrium average is taken over the normalized initial distribution
function po(1 + @4(0)), where p, is the grand canonical equilibrium distribu-
tion function

po = (Zg:NY)~*(m[h)*" exp(—BH + vN) G)

Here £ is Planck’s constant; 8 = 1/kgT, where kg is Boltzmann’s constant
and T is temperature; v = Bu, where p is the chemical potential; and Z,,
is the grand canonical partition function

Zew = S (N~ (mfhy*™ f dTy exp(~BH + vN) @)

where dI'y = dr, dr, - dty dv, dv, --- dvy is the differential volume in phase
space. The mass m appears in (3) and (4) since we have chosen the velocities
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instead of the momenta as phase space variables. The quantity ©,(0) repre-
sents the initial deviation from total equilibrium, and since the initial distribu-
tion function and p, are normalized, we have

3 @iy f ATy po®4(0) = 0 ®)

The nonequilibrium average is now given by

a(r, 1)) = <a(r, 1)yeq + {Py(0)a(r, £)deq ©

where -+, is an average over the grand canonical distribution (3). The time
dependence of the microscopic function af(r, t) is formally given by

a(r, t) = etta(r) )
where L is the Liouville operator, defined as
L= {, H} (8)

and {---, ---} are the Poisson brackets. It will be convenient to impose periodic
boundary conditions and to consider Fourier transforms of the microscopic
densities, defined in general as

a = f dr [exp(—ik-D}{a@) — <a)eq) ©

so that due to translational invariance

N
ne = z exp(—ik-r;) — VXa(r))eq Ok,0
i=1

8 = i mv; exp(—ik-r;) (10)
i=1
e = i e;lexp(—ik-r;)] — V<e(r))eq Ox,0

where 8,0 is a Kronecker delta, and (n(r)),, = n and {e(r)>., = e are,
respectively, the average number and energy density at thermal equilibrium.
For k = 0 we have

no=N—Ndew» B =P, e=H—(H)ey (10a)

where P is the total momentum of the system. In the sequel we will also
need Laplace transforms of microscopic densities, defined as

s = f dt e=ay(t) = G )
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where ¥, = (z — L)™' is the resolvent operator, and according to (6) and
(9), the average {a,.> is given by

@ = 3 (ZaN)Hnh™ [ T po®u(0z = D7 (12)

The macroscopic quantities of interest to us, <af(r, 1)), can therefore be
determined in terms of the inverse Fourier~Laplace transforms of the
averages of ay,, and we now turn our attention to the development of the
Zwanzig projection operator method® for obtaining the generalized hydro-
dynamic equations satisfied by <ay,>. We first introduce an inner product
between microscopic variables, such as @, and b, as

(ak: bq) = V_1<ak*bq>eq (13)

where the asterisk denotes complex conjugation. Then, because of the
translational invariance of the equilibrium average, the inner product satisfies

(ax» bg) = Ok q(ax, by) (14)

Instead of using the microscopic variables 7, and e, it is more convenient
to use linear combinations representing the local pressure Py and the entropy
per particle Sy :

Py = (0P[0e) e + (OP[On).ny, Sy = (nT) ey — hmy} (15)

Here i = n~(e + P) and P is the equilibrium pressure. From the quantities
Sk, Py, and g, we construct an approximately orthonormal set a,' with

@, al) = 8 + O(k?) (16)
where the labels (7, j) stand for T, ¢ = +, 3,1, Or 74, with
a" = (nfksCp)**Sy (17a)
@’ = (B2p)"*{c™ Py + ok-gi} (17b)
ap = (B/p)"*k' - g (17¢)

The set of unit vectors k, k., and k,2 are mutually orthogonal. The mass
density p = mn, the specific heat per particle at constant pressure is Cp, and
the zero-frequency adiabatic sound velocity is ¢, defined by ¢ = (0P/dp)s.
These microscopic variables are closely related to the hydrodynamic modes
of the kinetic equation used in I. The orthogonality condition to order k2 in
(16) will be sufficient here. In order to verify the relations (16) one needs a
number of fluctuation formulas. These formulas, and others needed for later
developments in this paper, are discussed in Appendix A. In fact, one can
make the orthonormality conditions (16) exact to all orders in £ by intro-
ducing k-dependent generalizations of the thermodynamic quantities (8P/d¢),,
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(éP/en),, and h in (15). This introduces k-dependent generalizations of the
specific heat Cp and the sound velocity ¢.®%1% For small values of £, all
k-dependent quantities deviate from their lowest order contribution by terms
of relative order k2, whose coefficients can be expressed in terms of equilibrium
distribution functions.

After this introduction on notation and definitions we turn our attention
to the equations of generalized hydrodynamics. The derivation of these
equations also yields explicit expressions for the generalized transport
coefficients, which will be needed for actual calculations. Therefore, a
projection operator P is defined as

Pb =3 > al(ay, b) (18)

where the sum over i designates the five functions given by (17a)—(17c), and
b is an arbitrary function of the phase variables. We also define P, = 1 — P,
and notice that P2 = P as a consequence of (16). When the projection
operator P acts on a special Fourier component by, it reduces to

Pbe = D al(@/, b) (19)
i

by virtue of (14). The operator P projects on the hydrodynamic subspace
spanned by ey, n, and g, or by the ¢’ in (17a)-(17c), and P, projects on
its orthogonal complement.

We now use the projection operator to solve the equation of motion
for ai., defined in (11), which reads

z - Da, = o (20)

We write a, = Pa}, + P,a}., apply P and P, respectively to (20), solve the
second equation for P,a}., and insert the result into the first equation,
obtaining

[z—-PLP — PLP{z — P,LP,}"*P LPPa}, = ay 2n
Written out in component form this equation is
Z {z &; + ikQk) + k2U;/k, 2)}9,(k, 2) = &, 22)
) .
where %,; are hydrodynamic propagators or correlation functions of hydro-
dynamic variables
G4k, 2) = (&, al.) = (@', F.a) (23)
The matrix Q;(k) is referred to as the frequency matrix and is defined by

—ikQ, (k) = (&, Lay’) (24
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The transport matrix U;; is defined by
—k?Uy(k, 2) = (@', LP ;9P La)) (25)

where we have introduced the projected resolvent operator

@,=P(z— PLP) P, (26)

Equations (22) for the hydrodynamic propagators are exact. They are, how-
ever, not the equations of motion for Fourier-Laplace transforms of the
macroscopic hydrodynamic variables, which can be expressed as linear
combinations of the quantities {af.> defined in (12) as

<a{<z> = <(DN(O)ali(z>eq (27)

To find the equation of motion for {a.>, we write
di, = Pdi, + P.di, = Pai, + P,9.P,LPd, (28)

where the second equality follows directly from applying P, to (20). By
inserting (28) into (27) and using (19), we obtain

> = 2 Gk, 2XPy(Ofa + P.G.PLay Y eq 9)

Since %k, z) = %,(k, t), as shown below, the generalized hydrodynamic
equations can be obtained by multiplying (22) by (®y(0){ay" + P.%.P,Lay eq
and summing over r, and are given by

> {z 8y + kQy(K) + kU, (K, 2))Kaj)

= {a(0) + P,%.P,La/(0)) (30)

The second term on the right-hand side of (30) serves as a correction term
to the initial condition term {&,’(0)>. In the usual form of the linearized
hydrodynamic equations, it is not taken into account since it is of order %.

Having obtained equations for the hydrodynamic propagators (22) and
the linear generalized hydrodynamic equations (30), we devote the rest of
this section to obtaining more explicit expressions for the matrices £2;; and
U,;. First, note that @k, z), Q;;(k), and Uk, z) are symmetric on inter-
change of i and j, which can be proved by using Liouville’s theorem and the
transformation r; — —r;. These matrices are symmetric because we are using
orthonormal basis functions, such as a,’. The advantage of this choice of
basis functions (17) is that it diagonalizes the matrix (k) to lowest order
in k.

The quantities La, ' appearing in the expressions for Q;; and Uj; represent
the rate of change of (linear combinations of) the microscopic particle,
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energy, and momentum densities, and satisfy microscopic conservation laws
of the form

Lag = —ik-j' = —ikji, (31)

where, for convenience, we take k = k&, where R is a unit vector in the x
direction. The quantities ji., from (8) and (17), are

Jitx = (nfksCp) %% = (BInTCp)'(jix — hjiks) (32a)
. 1 [1 iz, ,
Jix = V2 [E (g) Jix + Ujﬂx]
w21 (oP\ .. . 1{@P\ .,
() (D) et (G e o] 9
Jex = (Blp) " Tixs (32¢)
Jux = (BIp)*Tixy (32d)
Jix = (Blp)*xne (32¢)
where
N
Jie = D, v exp(—ikery) (332)
i=1
N
jlix = Z [eivix + Z Ti,xa(k)via:' eXP(—ik'l'i) (33b)
i=1 A=X,Y,2
N
Tara = 2, (M0 + 7y xa(K)] exp(—ik-r)) (33¢)
i=1
with « = x, y, or z, and
_1 9¢(ri;) 1 — exp(ik-r;)
O R I S (34)

Expressions (33a)-(33c) for the particle, energy, and momentum densities are
considered previously by Schofield.® The frequency matrix can be written
as
Qiy(K) = (', o) = (i, ) (35)
and
ljii(ks Z) = (jli(x: {é\zjlix) (36)
where we have introduced the projected currents

y

Jhe = Pijbe = jhu — Z a’ Qp(k) (37
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An observation that greatly reduces the number of matrix elements ;; and
U,, is that all matrix elements of Q;; and Uj;; vanish when one index denotes
a shear mode 7; and the other index denotes a non-shear mode, or when each
index refers to a different shear mode. In either case the required velocity
integrals vanish. It is now possible to compute Q,;(k), and we obtain

Q,,(k) = oc (38a)
and
Q) =0 (38b)
in all other cases, where we have used the relations
(x> 8xe) = (Sk> Tix) = 0 (39)
(s 8xx) = (Prc, Txw) = pC?[B (40)

The first equalities in (39) and (40) follow from (35); the second set of
equalities is discussed in Appendix A. We first consider the components of
the currents in the hydrodynamic subspace, i.e., Pjf,. From (19), (39), and
(40), we deduce immediately

Pz = p~ B8ux(8icxs Jix) = Jix (41a)
Pjix = p7 ' Pux(8rxs Jix) = 0 (41b)
Prier = (1knCr)Si(Sk, Tixx) + (B/pc®) PPy, Tucxx) = Py (41¢)
Pry,, = Pry,, =0 41d)

The nonhydrodynamic components j‘,‘;x are, according to (37) and (41),
Jh: = (BInTCo"%ks (422)
Jie = [0 = D2 + (o] v/ 2k (42b)
Tl = (BlP) *hrinn (42c)
Ji = (Blp) iy (42d)
Ji& = (Blp) " 7icne (42e)

where

Jix = Jiw = hit (43)
Prxx = Thox — P (43b)

To derive (42b), we need the thermodynamic identity (TCp/mc?)*?(2P[0e), =
(y — DY2, where y = Cp/Cy,. We express the nonzero matrix elements
Uk, z) in terms of generalized transport coefficients, using (36) and (42).



320 M. H. Ernst and J. R. Dorfman

For later convenience we also consider the case where i and/or j take the
value /, although Uj; and U, are not elements of the matrix U,;(k, z) of (36).
We have now

Urr(k, z) = Dy(k, 2) = MKk, 2)[nCp (44a)
Uuk, z) = Dk, z) (44b)
Upnk, z) = Dy(k, 2) = n(k, z)/p =12 (44¢)
Uik, z) = Uk, z) = (pcaT) "y — 1)*20(k, 2) (44d)
Uso(k, 2) = (1/2)(y — DUrr(k, 2) + (112)Un(k, 2) + oy — 1)"2Up(k, 2)
(44e)
U, -4k, 2) = (1/2)(y — DUrr(k, z) — (1/2)Un(k, 2) (44f)
Urok, 2) = Unr(k, 2) = [(y = D)/2]"*Urr(k, 2) + (o/v/2)Un(k, 2)  (44g)
where « = —n~1(9n/oT); is the coefficient of thermal expansion, and in

(44d) we used the thermodynamic identity (pnTCp)Y? = pcaT(y — 1)1,
The generalized transport coefficients are defined as follows:

TXK, 2) = B(jiv, Duits) (45a)
2K, 2) = BlTnys Gamicny) (45b)
pDIK, 2) = Blfxuxs Ffuxs) (45¢)
0K, 2) = B(unzs Gtn) = B(Sn,Gus) (45d)

Here A(k, z) is the (generalized) coefficient of thermal conductivity, 7(k, z)
is the shear viscosity, Dy(k, z) is the longitudinal diffusivity,® and 0(k, z) is a
new transport coefficient describing the cross effects between the macroscopic
heat current and the longitudinal momentum current [see Egs. (137a) and
(137b)].

We note in passing that Uk, z) is not the Laplace transform of the
time correlation function of two currents. Such a Laplace transform, denoted
by Ciik, z), is given by

Cij(k, Z) = (jli(xa gz.}l]{x) (46)
and differs from Uk, z) in that Cjk, z) contains the resolvent @G, =
(z — L)~* while Uk, z) contains the projected resolvent %, given by (26).

3 It does not seem meaningful to introduce, for k # 0, a k-dependent bulk viscosity,
since the two obvious generalizations, either through the relation

Uk, z) = pDik, z) — n(k, 2)
or through
Uk, z) = 38 zﬁ(ﬁm, Gotugs)y @ B=2x 2

lead to different results which coincide only at k = 0.
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Van Leeuwen and Ernst®® and Zwanzig® have shown that the two matrices
Ci; and Uj; are related to each other by the matrix relation

C = (z1 + kR)-(z1 + kQ + k*U)~*.U én
which may be derived from the relations

Uk, z) = C(k, z) + ikN(k, 2)-U(k, 2)

ZN(k, z) = —ikC(k, z) — ikN(k, z)- (k) 48)
where
Nk, 2) = (s> Gt) (49)
The component (v;, 7;) of (47) has a particularly simple form, i.e.,
Conik, 2) = zD,(k, 2)[z + K*D,(k, 2)]~* (50)

The connection between the Green-Kubo formulas for the Navier-Stokes
transport coefficients and our formulas follows immediately from (47):
lim lim Ciyk, z) = lim lim Uk, 2) (51)
2-0 k-0 2—0 k-0
Consequently, in the limit indicated above, the generalized transport coeffi-
cients approach the usual time correlation function expressions for the
Navier-Stokes transport coefficients A, n, pD, = (4/3)y + £, where { is the
bulk viscosity and lim 8(k, z) = 0 as k — 0.

So far we have obtained the Laplace transform of the hydrodynamic
equations (30) and the equations (22) for the hydrodynamic propagators,
together with explicit expressions for the quantities appearing in these equa-
tions. We are now interested in the behavior of the hydrodynamic variables
<n(2)D, {gu(t)>, and {ey(t)> for small values of k and for large values of the
time . In order to find this behavior, we have to solve (30) and invert the
Laplace transforms, i.e.,

@D = § 5zt 3 L+ kD) + UK, )7

x {al(0) + P,%.P,La,}(0)) (52)

The integral has to be taken along a path I' in the complex z plane, running
parallel to the imaginary axis and to the right of all singularities of the
integrand in (52). In order to proceed, we have to investigate the analytic
properties of Uk, z) and (P, %P La,)(0)> as functions of z around z = 0
for small values of the parameter k. If these functions were regular around
z = 0, the long-time behavior of &,/(f) would be completely determined by
the poles in the integrand (52) lying in the half-plane Re z < 0, and lying
closest to the imaginary axis (the hydrodynamic poles). The functions
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{a(¢)> would behave as a sum of decaying exponentials, where the decay
constants are given as the real parts of the hydrodynamic poles. The hydro-
dynamic poles are the roots of the secular determinant of the hydrodynamic
matrix in (22) or (30), i.e.,

det|z 8, + ikQi,(k) + k2Uii(k, 2)| = 0 (33)

which approach zero as k becomes small. These roots, z(k), called the
hydrodynamic frequencies, are found from (53) as functions z;(k) of k. The
functions are called dispersion relations.

To lowest order in k, the hydrodynamic frequencies completely deter-
mine the long-time behavior of {a'(¢)). This can be seen from (52), since
Uik, z) approaches the constant Navier-Stokes transport coefficients, and
(P,%.P Laj(0)) = —ik(Dy(O)P,%,}i.>e, by virtue of (27) and (31). Thus this
initial condition correction term is proportional to &, and can therefore be
neglected with respect to (@ /(0)> = (Py(0)ay’>q in (52).

If the functions Uk, z) and {®y(0)P L?zf§x>eq are not regular around
z = 0, one needs to know the locations and nature of their singularities, such
as branch points. This subject will be discussed in Section 4, while Section 3
is devoted to the dispersion relations. Henceforth we will neglect the initial
condition correction term in (52), since it is proportional to k in the limit of
small z and %, and its coefficient {®,(0)P l@‘,}‘{;x>eq is simply a constant. This
coefficient has basically the same structure as the matrix elements Uk, z),
which are known to exist for k = z = 0 in three-dimensional fluids, and for
consistency with other approximations, any correction terms proportional to
k should be neglected. In Section 4 it will also be shown that the hydrodynamic
frequencies determine the long-time behavior of {a/'(¢)) to the order of k,
in which we are interested.

3. DISPERSION RELATIONS

In this section we will determine the hydrodynamic frequencies for small
values of k by solving the secular equation (53). To do so, we will use the
phenomenological mode-mode coupling theory to describe the behavior of
Uk, z) for small values of k¥ and z. In Ref. 1 we showed that there exist
nonanalytic terms in the k expansion of the hydrodynamic frequencies for a
gas, and later we extended ¥ these results to fluids. The general form of the
dispersion relations obtained was

zyk) = ak + bk* + ck5 + - (54)

This result was also obtained by Pomeau,® who showed that there is an
infinite number of terms between k%2 and k® which have the general form
k2+Py where P, = 1 — 2", n = 1, 2,.... Here we give in detail the method
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that leads to (54) for a general fluid, and also obtain the terms of the general
form as found by Pomeau, but with a different set of coefficients. In the final
section we will present a comparison of our results with Pomeau’s, and in
Section 5 we present an analysis of the convergence of the series.

First, we consider the secular determinant (53). Since there are no
matrix elements Uj;(k, z) connecting the labels n; and 7, with one another
or with T and o, this determinant factors into a (3 x 3) determinant with
labels (i, j) = (T, o = +) and two identical equations labeled with », and
79, namely

z + KUy, (K, 2) = z + k?Dy(k, 2) = 0 (55)

The solution z,(k) which approaches zero as k — 0 is the shear mode frequency
or relaxation rate of two degenerate shear modes af* and aj2, which are given
to lowest order in & by (17¢).

The frequencies of the three remaining hydrodynamic modes are obtained
by solving the (3 x 3) secular determinant, where (i, j) = (7, ¢ = & ). Since
the off-diagonal elements are at least of order k2 for small z, the eigenvalues
are determined, up to terms of O(k?), by solving the following equations:

z + k2Upp(k, 2) = z + k*Dy(k, 2) = 0 (56)

and the two sound mode frequencies are determined by the two equations
(0 = %)

z + ikQy,(K) + k2U,.(k, 2) = z + iock + K2U,,(k,2) =0  (57)

To lowest order in k the corresponding heat mode and sound modes are
given by (17). Of course, the hydrodynamic frequencies depend neither on
the normalization (16) nor on the particular linear combinations of ny, gy,
and ey used here. In fact, in Section 6 we will discuss different linear combina-
tions of these variables in connection with the Burnett and super-Burnett
equations. The corresponding secular determinant reduces again to (55)-(57),
since the corresponding matrices are related by a similarity transformation.

We also want to point out that the generalized sound wave damping
constant U,,(k, z) differs from the usual expression D, = iy — 1)D; + 1D,
by the occurrence of the new transport coefficient 6(k, z), given in (45d). As
we noted already, 8(k, z) vanishes as k — 0, since in this limit it is an average
of an odd function of the velocities. If 8(k, z) were regular in k and z around
the origin, it could be expanded in a Taylor series around z = k = 0, and
the first nonvanishing contribution would give rise to a term of O(k®) in
z4(k). If this were the case, the term 0(k, z) should be neglected in (44e) for
consistency. We will show, however, that 6(k, z) contains contributions of
O(k'®), and should therefore be kept in (44e).
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The general form of the equations to be solved is now

z + ikQy + K2UK, 2) = 0 (58)

or more specifically _
z + k?D,(k,z) = 0, p=mnT (58a)
z + iock + k?U,,(k,z) = 0, o=+ (58b)

We first observe that complex conjugation of these equations leads to
z¥ + k?D,k,z*) =0

. (59)
2% — iock + k2U_,,_,(k, z%) = 0

This can be seen by observing that D, and D, in (45) satisfy D*(k, z) =
D(k, z*), while 6*(k, z) = — 0(k, z*).

Equation (58) will be solved by successive approximation. The solution
of (58) to lowest order in k can be found directly by replacing Uk, z) by
lim,_ o Uy(k, z) and then solving (58) for z to lowest (called zeroth) order in
k. The result is

z%k) = —ikQ, - k2U, (60)
or more specifically
z,° = —k*D, (60a)
z,0 = —iock — k?D, (60b)
where
Uyy = lim lim Uy (k, 2) 61)

and similar definitions for D, (u = , T) and D,. Equations (60a) and (60b)
are the hydrodynamic frequencies obtained from the usual Navier-Stokes
equations, as follows from (45), (46), and (51). We now assume that the
solutions of (58a) and (58b) of interest to us, i.e., those that reduce to the
values given by Eqgs. (60a) and (60b), respectively, for small k, are unique.
This assumption, together with Eq. (59), leads to the result that the solution
z,(k) of (58a) is real, while the solution z,(k) of Eq. (58b) satisfies z,* = z_,,.

To determine the next approximation to z,(k), we have to know the
behavior of Uk, z) for small values of k and z. Consider, therefore, the
Taylor series expansion

a(]ﬁ al[u
Uii(k-,- Z) = []ii(o’ 0) + k(a_k-)k—»o,z—ro + Z( oz )k—»o,z-—»O

1 2 82 Uii 82 Uii 9 az l]ii
+ i (k ak2 + 2kz 5k 32 + z 622 k—0,2-0 + ' (62)
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However, the double expansion does not exist. This is a consequence of the
long-time behavior of the current—current correlation functions (0, 7),
which are the inverse Laplace transforms of C(0, z) defined in (46). It was
found ©® that C;;(0, f) behaves asymptotically as #~%2, which implies that
for small z the functions Cy(0, z)—and by virtue of (47) also Uu(0, z)—
behave as

Ci(0, 2) = Uy(0, 2) ~ Cy(0,0) + av/z (63)

where a is some constant. Consequently, 2U;/éz for £k = z = 0 does not
exist, and neither does the expansion (62). The function Uj;(k, z) is therefore
singular around k£ = z = 0. Let us investigate the implications of these
singularities in £k = z = 0 for the solutions of (58). To find the first correction
to the lowest order solution (60), one would be inclined to insert (63) into
(58), and conclude that z,(k) = —k®D, + ak® and z, = —iock — k®D; +
bk®2, where a and b are some constants. However, this is not correct for
z,(k), and although it is qualitatively correct for z,(k), it does not lead to the
correct coefficient. This is because to solve (58a) and (58b), one needs the
behavior of Uk, z) as a function of both £ and z in regions where z ~ k?
or z ~ k and k is small, but one does not need the behavior of U;(0, z) for
small values of z, as given in (63).

We now make the basic assumption that the leading singularities of
Uk, z) in the small (k, z) regions of interest are given by the mode-mode
coupling theory. This theory leads to explicit expressions for Uk, z) in the
(k, z) regions of interest, and we will show that they lead to a non-power
series expansion of the hydrodynamic frequencies.* The mode-mode coupling
theory yields the following expression for the part of Uy (k, z) that contains
the dominant singularities in k£ and z:

Uyk,2) = U3 + % > UZ(k, 2) (64a)
a,b

= Uy + 3> UPK,2) (64b)
asb

The sum runs over all pairs of hydrodynamic modes

(aa b) = (T> N1, M2, 0 = i);
U is the so called bare transport coefficient; and U2(k, z) are the mode-mode
integrals

" _dq S, )
@n) z = zg9) — z(])

4 It should be pointed out that the mode~mode formula applies only to the functions
Uik, z), which contain the projected operator #,, and not to the correlation functions
Cii(k, z), where the unprojected operator ¢, appears. For a discussion of this point see
Ernst et al.1?

Uit;'ba{a Z) =

(65)
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The prime on the integral sign indicates that |q| < k,, where k, is a cutoff
wave number of the order of a reciprocal microscopic correlation length—
the inverse mean free path in a dilute gas, and the inverse range of the inter-
molecular potential in a fluid. Furthermore, I = k — q; § and [ are unit
vectors; and Kk is always taken parallel to the x axis. The strength factor
S2(§, I) is given in terms of the mode-mode amplitude A?>(§, f) as

S%@, I) = A9, (42§, D)* (66)
with
A2°@, 1) = (e, ag’ar) (67)

where a,° are the hydrodynamic modes given in (17). The bare transport
coefficient UJ in (64a) may be eliminated from (64a) by virtue of (61), where
we identify the Navier—Stokes transport coefficient U;; with

Uy = US +% > UPO,0) (68)
a,b
We have used the fact that U2%(0, 0) in (65) does not depend on the order in
which k and z approach zero. Therefore (64a) can be written in the alternative
form (64b), which will be used in this paper; and sUZ(k, z) is defined as

83Uk, 2) = Ufk, z) — U0, 0) (69)

The mode-mode formula is well known and frequently used in analyzing the
singular behavior of transport coefficients near critical points. Derivations
of this formula based on intuitive arguments have been given by Kadanoff
and Swift,® Kawasaki,® and Ferrell. Phenomenological arguments for its
validity away from the critical point have also been published.® A more
rigorous approach, valid for hard sphere gases, was given in Ref. 1.

On the basis of the above assumption (64a)-(64b), the dispersion rela-
tions (58) for small values of k£ can be written as

z(k) = —ikQy — KUy ~ 1 D K SUP(k, z(K)) (70)
a,b

This equation is in fact a complicated set of coupled nonlinear integral
equations for z(k) with i = o, n, T, where all unknown frequencies enter
again in the denominators of the mode-mode integrals. We have not been
able to find a solution of these equations in closed form, but we present a
scheme for successive approximations, valid for small values of &.

In Appendix B we analyze the mode-mode integrals UZ(k, z) and we
find that the dominant contributions come either from two oppositely
traveling sound modes, i.e., U579k, z) with o = %+, or from two diffusive
modes, i.e., 8U/(k, z) with (A, u) = (T, 91, 1)- The first approximation to
the solution of (70) is now obtained by replacing all hydrodynamic frequencies
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in the denominator of (65) by their zeroth approximation z,° given in (60).
In addition, we replace the argument z(k) of SUS® by z°(k). From Eqgs.
(B.2), (B.8), and (B.10)-(B.14) of Appendix B we have now in zeroth
approximation

- 44 St~ °(§, —§) L
76 ~0 0y - | 4 0 1/2
Sllu (k, Zl ) 47r 477(2DS)3/2 (Zl + IUquJC) + O(k) (713.)
dq S#@, -9
Au 0y — | S M R o, 0y12
SU K, 20) = = | g i oy GO + 0) (71b)

Here terms of O(k) have been neglected, d4 is a solid angle, with 4, = q-k
We have further introduced

Dy, = 3(Dx + D)) (72)

Consider first (70) for the diffusive modes (x = v, T), where z,° = —k%D,
In this case the term z,° in (71a) should be neglected compared to isckq, for
consistency, whereas the contributions from two diffusive modes (71b)
should be neglected completely, since the first term in (71b) is as unimportant
as the neglected terms of O(k). We then find from (70) and (71) the hydro-
dynamic frequency z,* of the diffusive modes in first approximation,

=KD, + 5 kzz | A S ] (2% S (jockq. ) (73)

From the explicit expressions for the function S(§, —§), calculated in (C.4)
and (C.6) of Appendix C, one sees that S, °(§, —§) is a real, even function
of §,., so that we can replace (ic§,)'/? in (73) by 2-2|4,|/2. This yields the
first approximation to the frequency of the diffusive modes

o= —k2D, + k°2A, (1) (74)
with

_ 1 e M)
Au(l) = 477\/2'% (2Ds)3/2 (75)

and we have introduced for later convenience the quantity Mj;(n), where
n = 11n (75), as

M) = mzf.mw,WM% (76)
with
P,=1—2" an

so that P; = 1/2. The superscripts (ss) refer to the sound modes. The integrals
in (76) are carried out in Egs. (C.20)-(C.21) of Appendix C.
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Consider now the frequency of the sound mode in (70). In this case z,°
in the mode-mode integrals (71) should be taken as —iock by virtue of (60b),
and we obtain

; 1 44 Sz5(4,
1 — }2 = k2 1/2
z;t = —iock — k2D, + 2k ; f471417(2D )3/2( jock

1 2 d(‘i Sg;"“”("i’ -—ﬁ.) r 5 N12 . 1/2
+ Ek Z EW (1 - O'O'qx) (—lO’Ck) (78)

Using Eqgs. (C.11)~(C.14) of Appendix C, one sees that S does not depend
on o, and that

85577 (@ — @) = (Bp) ' M(c0'q,) (79
where M(x), given in (C.14), is a real, positive function of x. This gives us
the first approximation for the sound mode frequency

z,t = —jock — k2D, + kK52[A(1) — i"Zs(l)] 80)
Here
— 1 +e Mz3(1)
AS 1 J— AS 1 = —— —_—n
B =80 =738 & @D.y"

where the sum runs over the four terms {ab)> = (ss), (v, ), (nT), and (TT).
Again we introduce for later convenience the quantities M22(n), where n = 1
in (81), as

(81)

M) = M) = 580 S [ Pswa -9 (82)
i,j=1,2
A onrn a
MEw = MEO) = e > [ R 5@ -0 (83)
i=1,2
ME@) = MIZO) = 36p [ 257G -9 (34)
1 b pogrin A 4

M) = 380> [ D52-7@ -0 - wogs (850
1

-1 f dx M1 — %) (85b)
~1

In (85a)-(85b) we have used (79). The functions S,,(§, —§) are calculated in
Appendix C, where the angular integrations in (82)-(85) are carried out. At
this point one can verify that 6(k, z), defined by Eq. (45d), is proportional to
kY2, This can be seen by applying the mode-mode coupling formula to
(45d) and considering the contribution from antiparallel sound modes, using
the method outlined in Appendix B for treating the mode-mode integrals.
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This procedure leads directly to the result that 6(k, z) ~ &2 for small %,
and in fact shows that 0(k, z) forms part of the contribution to the coefficient
of k%2 in Eq. (80).

So far we have obtained the first approximation (74) and (80) for the
hydrodynamic frequencies, and explicit expressions for the coefficients are
given in (75), (81), (C.20), (C.21), (C.24), and Table I of Appendix C. These
results were given in a previous publication,*? where a printing error occurs
in the expression for M (1) (indicated there by M,,); this has been corrected
in (C.24).

In the next part of this section we discuss the solutions of (70) obtained
by successive higher approximations. The approximation scheme can be
simply formulated with the results of Appendix B. In this appendix we have
made the following ansatz for the hydrodynamic frequencies appearing in
(65):

z,(k) = —k2D, + Ak**P

— (86)
z,(k) = —iock — k?Dg + (A, — icADk2*T
and we calculated the mode-mode integral (65) with the result
c—0 - d('i Soﬂa@s _‘i) 1/2
SUT (e, (k) = —| P g sy
A P+3 spiuys
+ D, 2 cos inP & + 0k) (87a)
44 S*(@4, —4)
A _ I I, | 1/2
SU u(ks zl(k)) 477 STT_D)\M Cz
AM P+3 (P +1)/2
+ D, 2 cos 1nP 145 + O(k) (87b)

where A,, = 4(A, + A)) and
& = [2k) + dockg]2Ds, Ly = z(k)[2D,, (88)

We consider first (70) for the sound mode frequency where z;(k) = z,(k).
Here we see that the dispersion relations (86), used as input to calculate
U ~7(k, z(k)) and SUM(Kk, z,(k)), produce in (87) a term of O(k'?) and
O(k® +212) Exactly the same thing happens for the frequencies of the diffusive
modes z(k) = z,(k) with u = 5, T, where only SU?~?(k, z,(k)) has to be
considered for solving (70), since 8U(k, z,(k)) is of O(k).

Therefore, if we had taken P = 4 in (86) we would have found terms of
O(k**?) and O(k**) in (87). If we had used this result again as input, we would
have obtained from (87) terms of O(k''?), O(k®*%), and O(k™®). The general
structure is therefore that a term of O(kP») with P, = 1 — 27" in the disper-
sion relation (86) produces through iteration of the mode-mode formula a
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new term of O(k¥»+12) = O(kFr+1). In order to make the whole scheme
self-consistent we write the dispersion relations as

z,(k) = —D,k* + D A,(mk?* P (89a)
z,(k) = —iock — D> + 3 [An) — ioAn)k>+7n (89b)

with P, = 1 — 27" The approximation scheme outlined above will auto-
matically lead to recursion relations between the coefficients A;(n), which we
derive now. We calculate z,(k) from (70) by means of the mode-mode inte-
grals (87), in which we use (89) as input. The analysis of the mode-mode
integrals of Appendix B still applies, since the exponents P, satisfy the require-
ment < P, < 1 (which is necessary in Appendix B), and we replace A and
P in (86) by A(n) and P,, respectively, and sum over n = 1, 2,.... For the
diffusive modes (z = %, T') we obtain from (87)-(89) in this way

z,(k) = = Dk* + 5 kzz f A S—g“;f};z v

Prio  (lockgy\Pr+r
% Z A cos 3nP, ( 2D, ) 0)

In the summation over n we have included the term obtained in (73) by
putting n = 0 and defining

A0)=3%D,, a=s1T (91)

From the relation i¥» = cos {=P, + zsin 1nP,, and from arguments similar
to those used following (73), we deduce

cos inP,

z, = =Dk + ZO AL ~ o5 e P 92)
with
P, ¢ \Pn+: ss
L) = 4—%15?2 (E—D_s) Mi(n + 1) ©3)

where M35(n) is defined in (76) and calculated in (C.19)-(C.21). For the
sound mode frequency we obtain in a similar way

. (—ick)Fn+1
—_— — 2 2 ab,
z, = —iock — D® + k WZM nzo Aa(mLE(n) > =5 TP (94)
where <ab> = (ss), (o9m), (4nT), and (TT), and
Ag(n) = HAm) + As(m)],  Dgp = H(Dy + Dy) 95)
with a = (s, %, T). Furthermore,
P,. ¢ \Pn+1
ab _ n+2 - ab
L) = IoEp D%, (2Dab) Me(n + 1) (96)
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where M5 (n) and M%(n) are defined in (82)—(85) and calculated in Appendix
C, starting from (C.21) on.

By comparing the expressions for z,(k) in (89), (92), and (94), and equat-
ing (the real and imaginary parts of) the coefficients of equal powers of £,
one obtains the recursion relations for n > 0:

8,(n + 1) = L¥(n) 84n) (97a)
8n+ 1) = > LI(n) 8,4(n) (97b)
{ab>

where we have introduced
A,(n) = 8,(n) cos inP,, a=s,1T

~ : (98)
Afn) = 84(n) sin 1nP, = Ay(n) tan =P,

and
San(n) = 3[3a(m) + 8y(n)] 99

and 6,(0) = 4D,, as follows from (98) and (91).

These recursion relations can be solved successively. It follows directly
that all A,(n) are positive, since L(n) is positive. For n = 0, Eq. (97) yields
(74) and (80), which we already obtained by explicit calculation. Using the
expressions for the coefficients M(n) calculated in Appendix C, we can
directly obtain explicit expressions for L(n) and A,(n). It is also interesting to
observe that z,(k) = w,(—iok) is related to a real function w,(k), defined as

wyx) = cx + Dx? — Z S (m)x2+Fn (100)
n=1

and similarly z,(k) = Re w,(ik), where
w,(x) = Dx® — > 8,(m)x>*"n (101)
n=1

The general structure of the recursion relations (97) was obtained by
Pomeau. ©® We disagree, however, with his results for the coefficients L(x) for
several reasons, to be discussed in the last section.

4. BRANCH POINTS OF Uj;(k,2)

In the previous section we discussed the contribution to <a(¢)> from
poles in the integrand on the right-hand side of Eq. (52), i.e., from zeros of
the hydrodynamic matrix. In addition to the poles, the integrand has branch
point singularities which must be taken into account when inverting the
Laplace transform.™ To see that there are branch points in U;(k, z), consider
Eq. (B.10) of Appendix B. Inspection of U°~?(k, z) given by this equation
shows that there are branch points in the complex z plane at the values
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z = +ick, and the presence of these branch points requires that cuts be made
in the z plane along the lines —w < z + ick < 0. Since the long-time
behavior of <{g,'(¢)> may also be determined by the branch point singularities,
we will consider whether the contributions from the branch points are of the
same order of magnitude as those coming from the poles.

In the previous section we found that there are poles in the hydro-
dynamic matrix in two regions in the z plane, (2) z & +ikc and (b) z & — Dk?,
where D is an appropriate diffusivity. Connected to these poles there are two
time scales, (a) 7y(k), the period of oscillation of a sound wave of wave
number k, where (k) ~ (ck)~ 1, and (b) 74(k), the relaxation time for the
decay of a sound, shear, or thermal mode of wave number k, where 7,(k) ~
(Dk?)~1. Since 7,(k) « 74(k) for small k, there is practically no damping of a
sound, shear, or thermal mode on the time scale of (k). To estimate the
relative sizes of the contributions to {a,(t))> from the poles and the branch
point singularities, we must determine (a) whether there are any branch points
in U(k, z) in the same regions of the z plane as hydrodynamic poles, (b) the
relative order of the contributions to {a.'(¢)) from each type of singularity,
if there are any, and (c) whether any contribution from branch points are
more important than those from poles. Therefore we will consider the analytic
properties of U(k, z) as a function of z for fixed but small k.

First we consider question (a), and we will be interested then in locating
any branch points in U(k, z) that may lie in one of three regions of the z plane
(i) z~ Ok)

(i) z ~ OK? (102)
(ii) z « O(k?)
Region (i) will determine branch point contributions to <a,'(t)> on the time
scale of a sound oscillation 74(k); region (ii), contributions on the time scale
of a damping time 7,(k); and region (iii), contributions on any scale which is
longer than 74(k).

We begin by noting that there are four distinct types of contributions to
Uk, z) coming from combinations of two hydrodynamic modes. We have
denoted these by U~ ?(k, z), SUKk, z), SUSMK, z), and 8UZ°(k, z), coming
from antiparallel sound modes, two diffusive modes, a diffusive and a sound
mode, and parallel sound modes, respectively. We consider first the quantity
dU ¢~ 7, which is given, for small k and z, by Eq. (B.10) of Appendix B, with
the dispersion relations (89),

1 4§ N A
ULk, ) =~y | 5@~

Z s(f’l) Pn+2 CP"'”} + 0(0) (103)

D, cos inP,
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Here ¢ = max(z, k), P, =1 — 2°", and { = (z + iockx)/2D,, where x =
k-G = g,. Using the fact that S(§, —§) is only a polynomial in x [see Eqgs.
(C.4)~(C.17)}], we conclude that 8U¢°(k, z) contains terms proportional to
(z + iock)? and (z + iock)Pn+1, each multiplied by a polynomial in (z/k).
Consequently, 3U¢°(k, z) has branch points in the complex z plane at z =
+ ick. Having located branch points in §U~%(k, z) for z ~ O(k), we expect
that these branch points will contribute to <a,'(¢)) for times of the order of
(k). The correction term of O(6) in (103) is of O(k), since on the time scales
of interest z < O(k), so that 6 = max(z, k) = k, and for small & it is less
important than the terms of O(k?) and O(k%»+1) which we keep. One can
also see from Eq. (102) that there are no branch points for z < O(k?), since
for z of this order the expression (103) is analytic in z. Consequently, in
order to carry out the contour integral in Eq. (52), a consideration of U7
requires that cuts be taken along two semiinfinite lines parallel to the negative
part of the real axis, given by —o0 < z + ick € 0.

We now give an example of the type of branch points that appear in the
contribution from two diffusive modes, U##(k, z). Consider the quantity
UZI(k, z) which, according to (65), is given by

1 (' _dq ST3@. )
2) @)z + Di(q® + 1%)

U3k, 2) = (104

where STZ(§, [) is independent of § and £, which follows from (C.13) and
(C.18). Then

dq
(2m)°

UK, 2) = 5 ST [ 2L [z 4 Di(g® + 12)]
ST + 4D

= Ugg'(()’ O) - 877(2DT)3/2

+ O0(k) (105)

From Eq. (105) we see that for z ~ O(k), there is a branch point singularity
of the form 4/z in 8UZI(k, z), and one must cut the z plane along the line
—oo € z € 0. For z ~ O(k?), there is a branch point in the z plane at z =
—31D.k? and the cut extends from —oo < z € —LDk% Finally, for z <
O(k?) the function 8UTI(Kk, z) is analytic in z. The analytic form of sU#(k, z)
for diffusive mode contributions is, in general, more complicated than that
given by Eq. (105). However, it can be shown by similar methods that
SUM(K, z) generally has a 4/z singularity for z = O(k), and for z = O(k?)
there is a branch point at z = —[D, D,/(D, + D,)}k* and a cut extending
from —o0 < z € —[D,D,/(D, + D,)Jk? while for z < O(k?), UMk, z) is
analytic in z.

Although we will not give the details here, an examination of 8U(k; z)
and 8U?(k, z) for branch points can be made along similar lines. The
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combinations of hydrodynamic modes represented by (A, o) and (o, o) give
less singular contributions to U(k, z) than those coming from antiparallel
sound modes, or from two diffusive modes. For example, for z ~ O(k) and
for z £ O(k?), the function 8U(k, z) has a singularity of the form 22 In z.
In the following discussion we will see that singularities of these types are not
as important for {ay*(¢)) as those contained in §U° ~°(k, z) or SUM(k, z).

Next we address ourselves to questions (b) and (c). In order to discuss
{a'(t)> for long times, we consider Eq. (52). To the order in k in which we
have been consistent, the hydrodynamic matrix {z1 + &kR(k) + k2U(k, z)}
is diagonal, so that we can write

; B dz e {a(0))
Aal(t)) = - 2wz + tkQu(k) + k2Uu(k, z) + O(k®)

(106)

where the contour I" is parallel to the imaginary axis and to the right of all
poles and singularities of the integrand in (106). Consequently we may
consider sound and diffusive modes separately. In general we may write a
hydrodynamic mode <{a,'(¢)> as a sum of two terms

{a(1)) = Lal(1))p + <a(t)e (107)

where {a,/(t)), represents the contributions from the hydrodynamic poles,
while {a’}(¢))>, represents contributions from the cuts in the z plane. The terms
a (), and <a;'(2)), are given by expressions similar to (106) in which the
contour I'is replaced by contours I', and I',, respectively; the T', are counter-
clockwise contours around the poles of the integrand in (106), and the T, are
counterclockwise contours around the cuts in the z plane.

We consider first a diffusive mode, {a,"(t)) say, starting with the contri-
butions from the poles. The poles are determined by Eq. (58), and are
explicitly given by Eq. (89a). Now {a,"(?)), is given by

@@, = exp| ~{ D¢ = 3, e+ + 00 @) 08)

In order to be consistent with the fact that we have neglected terms of O(k®)
in the hydrodynamic poles, we expand (108) and keep only the first two terms.
That is,

(1)), = [exp(—kzD,,t)]{l + kY AP + O[k(kﬂt)]} (109)

Consequently, on the scale of the damping time 7,(k) = (D,k?) ™1, the hydro-
dynamic poles give contributions of order {#/74(k)}k"=. We therefore infer that
our results are only meaningful for the case where #/7,(k) is finite and where
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k is small. If now we look at the contributions to {a,"(f)) from the cuts, we
write

22“58% - ¢ & {z + D, + K2 SUK, z)}_l (1102)

dz e*
= fﬁ‘ 3 {z + D%t

- lkz dz e Zab SU?,?,(k, Z)

2 r, 27 (z + D.k%)?

Here we have used Eq. (64b) for U, (k, z), and to be consistent with the

terms that have been neglected, we expand the denominator in (110a) to

obtain (110b). The first term in (110b) gives a vanishing contribution, since

the integrand does not have any branch points. From the discussion of Egs.

(103)-(105) it follows that, on the scale of 74(k), the only important contribu-
tions to {a"(t))>. come from combinations of diffusive modes.

One finds that the contribution to {(4."(t)>, coming from the cut in
8U™(k, z) is of the order of kf [7,(k)/t] exp(— %D, k%), where f(x) is a bounded
function of x for all values of x, and it depends on the detailed nature of the
branch point. Consequently, for finite #/7,(k) and k small, the branch points
make a contribution which is of the same order as those we have neglected
in (109). However, to discuss the diffusive modes on the time scale of a sound
oscillation, one should take the contribution from the cuts into account, as
follows from (103) and (105), since they are of the same importance as those
of the poles.

A similar analysis can be made of {a,}(¢)>, and {&/(¢), for the other
modes. In each case one finds that for times of the order of 7,(k) the dominant
contribution comes from the poles, and that for times of order =y(k) the
contribution from the cuts must be included. A more detailed discussion of
these points as they apply to the special case of self-diffusion will be given
elsewhere.*®

4o (110b)

5. LONG-TIME TAILS AND CONVERGENCE CRITERIA

In this section we will discuss the long-time behavior of the time correla-
tion functions, which are a direct consequence of the dispersion relations
obtained in Section 3. We will further discuss the convergence of several
expansions obtained here and in Section 3.

The mode-mode formula, together with the Navier—Stokes values of the
hydrodynamic frequencies, yields the well-known 732 tails of the correlation
functions, as shown in Ref. 5. We will show here that the higher corrections
of O(k?*%») (withn > 1 and P, = 1 — 277 to the dispersion relations (89)
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give rise to higher corrections to the 7~/ tails which are of O(t~?"»+2) with
nzl :
The time correlation functions €0, t) are the inverse Laplace trans-
forms of C;/(0, z), defined in (46), and Ci(0, z) = U;,(0, z) according to (47).
It follows then from Eq. (64b) that for small values of z

Ci0,2) = U; + % Zsu 50, z) (111)

By applying the results (B.7)~(B.11) of Appendix B, together with the full
dispersion relations (89), one finds

€02 = Uy~ 3 4B S suPuns(35-) " (12

Cab) abn=0

where the first sum runs over the terms {ab> = (s5), (%, n), (n, T), and (T, T),
we have used (98) and (99), and we introduced

1 di A A
M(0) = Eﬂp Z j A s5e@ ~4)

M) = M A grem g, —g)
m,n=1,2

(113)
M) = Bp Z jdq Sn,,.T —§)

MO = 360 [ BTG -0

where (i, /) = (m, 0, I, T). The quantities M{(n), defined in Section 3,
coincide with these definitions for the case n = 0. The coeflicients M$2(0),
and therefore also Ci(0, z), vanish indentically, since the strength factors
S%2(§, — §) are either identically zero or odd functions in the angular variables
[see (C.10)]. Equation (44) shows that the remaining off-diagonal correlation
functions C,_,(0, z) and C,7(0, z) are linear combinations of Cr4(0, z) and
Cy(0, z). We can therefore restrict ourselves to diagonal correlation functions
C.(0, z). Consequently, we only need the quantities M$’(0), which are listed
in Table I of Appendix C.

We now use the behavior of C;(0, z) for small z to infer the behavior of
its inverse Laplace transform C.,(0, 1). To do this, we note that if a function
F(t) behaves like f(r) ~ t=*, with g« > 1 for large #, then its Laplace transform
f(z) behaves for small z as

u—1

F(p,) sin

f(@ = f(0) + (114)
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where T'(n) is the gamma function. Therefore the terms z"»+1 in expression
(112) for Cy(0, z) yield terms ~¢~*+Pred) in C,(0, 1), so that

_ MPO)
Ca0, 1) » (azl» BB D
Ay T + 2P, ) ( 1 \Pi2
x {1 2 A (2Dabz) } (115)

where the relations I'(3) = /7 and A,,(0) = 2D,,/3 have been used. We
notice that all terms in the series are positive. Here again i = (n, o, [, T). The
first term inside the curly brackets, which could have been included in the
sum over n starting at n = 0, yields the well-known =372 tails. We further
observe that the relative corrections to the :~%2 contribution of the mode
pair (ab) do not depend on the correlation function considered, but only on
the mode pair involved.

Another correlation function of physical interest which is not a particular
case of Eq. (115) is the time correlation function Cy(0, ¢) for the bulk viscosity
{ = pDy(0, 0) — %7(0, 0). The bulk viscosity is given in terms of the correla-
tion function Cp(0, z) as { = lim,_, pCy(0, z). This correlation function can,
of course, be introduced as

Cu(0, 2) = Cy(0, 2) — 3C,(0, 2) (116)

and evaluated accordingly. Due to symmetry properties of isotropic tensors,
C:(0, z) can also be expressed in the more familiar form

Cx(0, 2) = 3(B/p) ZB (Foae> Gfoss) (117

where («, B) = (x, y, z) label Cartesian components, and #,,, is defined in
(43b). Of course, the mode-mode integrals (64)-(67) apply also to this
correlation function, and according to (67) and (32¢) we have

A2@, ~®) = BIp)* D (Foxes 0a°a%0)

X=X Y2
=% > Ar@ -9 (118)
X=X,Y,.2
Explicit expressions for 4¢® are given in (A.21)-(A.24), and the corresponding
strength factors, defined in (66), are calculated in (C.7)~(C.9).

The previous discussion allows us to extend Egs. (112) and (113) to
include the correlation function Cy(0, z). By comparing (112) with (89)-(96),
we notice that in (112) all pairs of modes are involved [some of the coefficients
M$P(0) may of course still vanish], whereas in (89)—(96) this is only the case
for the sound mode frequency while z,(k) involves only two opposite sound
modes. This and other small differences are due to the fact that the mode—
mode integrals are evaluated in different regions of k and z in each case.
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In the second part of this section we investigate briefly the convergence
of the series considered in Section 3 and in this section, using the convergence
criterion that lim,,_, (¢, ,1/¢,) < 1, where ¢, is the ath term in any of these
series. Since the convergence condition takes two different forms, depending
on the series considered, we divide the series into two groups: (i) series
(89a) for z,(k), the real part of series (89b) for z,(k), and series (115) for
€40, 1), and (ii) the imaginary part of series (89b) for z,(k), series (100) and
(101) for wy(x) and w,(x), respectively, and series (112) for C;;(0, z).

The convergence criterion imposes in case (i) the condition

. 8(n+ 1)

and in case (ii)
. 8mn+ 1)

To obtain these equations, we have used Egs. (97)-(99) and the fact that
L(n), defined in (93), approaches a constant, since it depends only on »
through P, =1 — 27"

To see whether (119a) and (119b) are indeed satisfied, we have to solve
the recursion relations (97) for large values of #. For sufficiently large n, say
n = M, the coefficients L(n) and LZ%(n) in (97) approach their asymptotic
values L$(o0) and L2%(c0) arbitrarily closely, since they depend on » only
through P,, which can be checked from (93), (96), (76), and (82)—(85). For
n > M it is sufficient to replace the coefficients L(z) in (97) by constants, and
if we now eliminate §,(n) from (97a)—(97b), the recursion relation reduces to
a second-order difference equation

8(n+2)—A8mn+1) — Bd(m) =0 (120)
where 4 and B are positive quantities, defined as

A = I5(c0) (121a)

B = > 3L3(0)[LE(0) + LE(e0)] (121b)

{ab>

The prime on the summation sign indicates that the sum runs only over the
terms {ab) = (yn), (4T), and (TT).
The solution of (120) is given by

8,(n) = ax,™ + Bx_" (122)
where

x, =34 £ (4 + 4B)"] (123)
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Here « and B are constants. Since the positive root x . has a larger absolute
value than x_, we see that

. Smn+ 1)
e

(124

and the convergence conditions (119a) and (119b) require that x, be smaller
than 1 or 2, respectively. By using (123) we have for the case (i) the convergence
condition

A+ B<1 (125)
and for case (ii)
24+ B < 4 (126)

The coefficients 4 and B are expressed in terms of Lg,(o0), which are them-
selves proportional to M ®*(c0). These quantities are calculated explicitly in
Appendix C, and are found as functions of transport coefficients and thermo-
dynamic quantities, which can be measured experimentally. We have not
made an attempt to analyze the available experimental data on fluids to
check whether the convergence conditions are satisfied. However, for a dilute
gas it is very simple to verify that (125) and (126) are satisfied. Inspection of
the expressions (93) and (96) shows that all L(c0) are proportional to the
square of the reduced density n* = na®, where a is a measure of the range
of the intermolecular forces. Hence (121) yields 4 ~ (n*)* and B ~ (#™)%
In fact, using ideal gas values for all thermodynamic quantities, and estimat-
ing the viscosity n and the thermal conductivity A by the first Enskog approx-
imations for the transport coefficients of hard spheres with diameter 4, i.e.,

1/2
we find that (125)-(126) reduce to 0.36(n*)? + O(r*3®) < 1 or 2, and this
condition is satisfied for sufficiently small reduced densities. For the special
case of hard spheres it seems possible to discuss the convergence of these
series by calculating the quantities 4 and B in (121) by using the virial
expressions for the equation of state and for the other thermodynamic
quantities and by using Enskog’s theory to estimate the transport coefficients
for a hard sphere gas.

6. BURNETT AND SUPER-BURNETT EQUATIONS

In Section 3, and in Ref. 1, we showed that the hydrodynamic fre-
quencies do not have analytic expansions in powers of k, but that terms
proportional to k%2, k1'% etc. appear. This result has been established by
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assuming either the validity of the mode-mode formula, or, for a moderately
dense gas, that the ring and repeated ring events give the dominant contribu-
tions. An important implication of this result is the observation that the
linearized Burnett and super-Burnett corrections to the Navier—Stokes hydro-
dynamic equations do not properly describe the hydrodynamic behavior of the
system, since the Burnett and super-Burnett corrections, if they exist, are at
least of O(k®) and O(k*), respectively. One might suppose, therefore, that if
one assumed ab initio that the hydrodynamic equation has a power series
expression in k, some property of the Burnett and super-Burnett terms that
result would indicate the presence of the £°/2 term. In this section we show
that this is indeed the case, and that the property referred to above is that the
resulting Burnett, super-Burnett,..., transport coeflicients are divergent.

We begin by considering the generalized hydrodynamic equations de-
scribed in Section 2, in particular (30). We expect that the hydrodynamic
description of the system will obtain for times long compared to some
microscopic relaxation time, and we consider the long-time behavior of the
generalized hydrodynamic equations. In such a case we neglect the term in
(30) that involves the perpendicular part of the initial distribution function,
P, ®(0), since this term is expected to decay rapidly compared to the terms
which we retain, and we have

DAz 8y + ikQuk) + K2U(k, D))Kate> = <al(0)) (128)
7
It is convenient to transform (128) to the customary hydrodynamic variables:
the density {m(t)>, the temperature {T.(t)), and the local velocity <uy,(¢)>
(¢ = x, y, z), where we have introduced the new microscopic functions

T (T) = (%)nek(F) + (%) ) (129)

1
uka(F) = ;gktx(r‘)) o =X,z

Since (nx, Ty) = 0, as can be readily verified with the help of Appendix A,
it follows that the functions ny, Ty, and u, (¢ = x, y, z) form an orthogonal
set of functions with respect to the inner product (13), and they can readily
be normalized. Therefore the transformation of (128) to density, temperature,
and local velocity is an orthogonal transformation of the old basis vectors in
(17) to the new ones @’ (i = 1, 2, 3, 4, 5) with

Gt = f1ng; a’ = f5 Ty
(130)

@l = filuke; Gt = filugs @0 = f5 Uk,



Nonanalytic Dispersion Relations for Classical Fluids 3

The normalization constants are chosen so that
(5ki, 67ki) = 8ii (131)
which yields

f:l2 = (M, i) = nQKT/B
f2? = (I, Tw) = TIpnCy (132)
J2 =12 =[5 = (x> ) = 1/Bp
Here Cy is the specific heat per particle at constant volume, and nk, =
(én/oP);. The vector k is taken parallel to the x axis. Equation (132) can be

verified with the help of Appendix A.
In the new representation (130), the hydrodynamic equations (128) read

2z 8y + kD (k) + k20, DKy = <ad(0) (133)

Instead of carrying out the orthogonal transformation toﬁobtain Q,, and Uy
from Q,; and U,;, respectively, it is simpler to evaluate Q;; and U,; directly
from Eqgs. (24) and (25), in which the a,' are replaced by @,’. The result is

Qs = Qg = cy™ 12, Qps = Qgy = cl(y — Dyt

_ i (134)
; = 0 in all other cases

and

Uys(k, z) = (nCy) 1Ak, 2)

Uss(k, z) = Dk, z)

Uk, z) = Ugs(k, 2) = p~ 1k, 2) (135)
Uas(k, 2) = Usy(k, z) = (pnTCy) " *20(k, z)

U4k, z) = 0 in all other cases

The symbols are defined in (43)-(45). Before proceeding, we want to remark
that the hydrodynamic equation (133) could have been used in Section 2 just
as well as those given by (128). The roots of the secular equations of (128)
and (133) are the same, and are determined by (56)~(58). The advantage of the
representation (17) is that it diagonalizes the matrix (k) to lowest order in k.

Equation (133) represents the Fourier-Laplace transforms of the usual
hydrodynamic equations, which we will write out explicitly in terms of the
variables {m(2)>, {T(¢)>, and <uy(¢)>. This can be done most easily by
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replacing @ by fia’, Qy; by £.f;7*Qy;, and Uy by f.f; *U,;, and inverting the
Laplace transforms,
om(t)y = —iknlu (1))
Tty = —ika™Hy — D<o (1)) — ik(nCy) " qux(1)> (136)
(1)) = —ikp™ ' Prxa(t)), a=X,),z
We have made the following identifications for the longitudinal component

of the heat current {q,(t)> and the longitudinal components of the pressure
tensor Py {t)):

ans> = =ik [ dr K, Kt =
—ik fo " dr 0. )t — ) (137a)
Pusslt = B> = ik [ dr pD kWt = 7
- % f: dr 0k, Tt — 7)) (137b)

t
(Prnd = —ik L dr 706, )ttt — 7)) (137¢)

and the local pressure (Py(¢)) is found here as

2> = (2) oo + (57) auaop (138)

where we have used the thermodynamic relations

—_— 1j2
In general, F{(¢) indicates the inverse Laplace transform of F(z). In the limit
of large ¢ and small k, (137a)~(137c) reduce to the usual linear relations
between the fluxes and the gradients, since the function 8(k, ¢) vanishes in
this limit, as we have seen in Section 2, and the time variation over the time =
of the hydrodynamic variables (Ty(f — 7)) and <u,(r — 7)> may be neglected,
since it is of higher order in k, as follows from (136). Finally, the time integrals
over (0, ) of A0, 7), D0, 7), and (0, 7) are the time correlation function
expressions for the Navier-Stokes transport coefficients A, D;, and 7, respec-
tively. The quantity 8(k, 7) is a transport coefficient which couples the heat
flow and the longitudinal momentum current, and does not appear in the
linearized Navier-Stokes equations.

We may obtain the hydrodynamic equations to order k® by making a
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k-expansion of the quantities A(k, ?), 0(k, ¢), Dk, ), and 7(k, ?), and a
r-expansion of (T(¢ — 7)> and {u (¢t — 7)). The latter yields

(T(t — 7)) = {Tul(t)) — 7 0LL(t)> + -
= (T + ik L) )y + O (1408)

et — 7Yy = Stheal(D)) + ik7%<Pk(f)> + 0(k?) (140b)
Qthey(t = T = (1)) — (i)%r g (it (1)) + O (140c)

We have used the hydrodynamic equations (136) and (137) to lowest non-
vanishing order to eliminate the time derivatives in favor of the k-expansion.
Next we consider the functions A, D,, 7, and §, defined in (45). By examining
these expressions under translations, rotations, and reflections in configura-
tion and velocity space, one finds that the k-expansions of X, D,, and 7
contain only even powers of k, whereas § contains only odd powers of k, i.e.,

Ak, 1) = Ao(t) + (ik)*A5(t) + O(k*)

Dk, 1) = Do(t) + (i)*Dis(t) + O(k*

ik, 1) = 7io(t) + (ik)*7a(t) + O(k*)

0k, t) = ik,(z) + (ik)*8:(t) + O(k®)
As a result of these expansions, we may make a k-expansion of the heat
current and the longitudinal components of the pressure tensor as

(Guall)y = —NOTUD — () Lo 90t

(141)

+ (k) 304(t) (1)) + O(K?) (142a)
Prxxlt)) = {Pu(t)) — ikpDy(1)u())

_21

3p

CPray(1)y = — k(1 )Xty (1)) + (1K) e0(t)oney (1)) + O(K®) (142¢)
The (time-dependent) Navier—Stokes transport coefficients are given by

wo(t)(ik)*P(2)> + % ws()(iK) (Ti(1)y+0(K?)  (142b)

Xt) = fo dr 3o(7),
D) = f "dr Do) (143)

n(t) = f dr (")
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The (time-dependent) Burnett coefficients are given by

9(t) = f drth(r),  Sut) = =3 fo dr 6,(7)
wylt) = 3 fo dr oD, o(7) (144)

ws(t) = —% (1/T) f dr 8,(7) = (YT)34(1)

and the (time-dependent) super-Burnett coefficient is given by

w(t) = j dr () + f dr 7ii(") (145)

Here we have made an attempt to keep our notation consistent with that used
by Wang Chang and Uhlenbeck,'® and partially by Chapman and Cowl-
ing, %5 for the case of the dilute gas. If, for sufficiently long times, these
transport coefficients approach constant values, then substitution of (142)
into equation (137) will lead to the linear Burnett and super-Burnett (for the
case of the transverse velocity field) equations with constant transport coeffi-
cients. Such equations would then lead to hydrodynamic frequencies z(k),
which have well-defined expansions in powers of &, where the coefficients are
determined to order &2 by A(c0), D,(c0), and n(o0); to order k® by &,(c0),
34(00), wy(o0), and wz(o0); and to order k* for the transverse velocity field
by w().

This picture cannot be maintained, however, since both the mode-mode
coupling theory and the kinetic of gases have suggested that Xy(7), D, o(7),
and 7q(7) depend on ~ for large = as =32, Such a conclusion is based on the
two-mode approximation used in this paper, or on the ring events used in
Ref. 1. As a result of this =32 behavior one can see that, aithough A(w0),
Dy(0), and n(co) exist, the Burnett and super-Burnett transport coefficients
$9(1), wo(t), and w(t) do not exist as £ — co. Let us investigate the precise
behavior of all Burnett and super-Burnett coefficients in a systematic way.
From (44) we deduce that A(k, z), Di(k, z), 5(k, z), and 8(k, z) are related to
U,;(k, z) as follows:

Mk, 2) = nCpUrr(k, 2); Dk, z) = Uyk, z)
cpaT (146)

7k, 2) = pUp (K, 2); ok, 2) = &= Unlk 2)

5 To compare the notation used in this paper with that of Chapman and Cowling, we
note that using their Egs. (15.3.4) and (15.3.6) and our Egs. (144) and (145), the
following relations hold:

g = 0,u%[pT; By = 8,p%p;
wy = @ap?lP; ws = @au®fpT
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We will therefore consider the k-expansion of Uk, t) in general. In fact,
we are only interested in the dominant contributions to these terms for large
¢ and small &, or equivalently in the leading singularities in Uk, z) for small
k and z. According to our basic assumption, the leading singularities in
Uk, z) are given by the mode-mode integrals, which are analyzed in
Appendix B. It is found there that for small £ and z

21/2

Uik, z) ~ U0, 0) — 22 f 4q S#@ -V 55y

4 g . dockd P
Z f R 47(5033/)2 (147)

where the sum over A and p runs over the diffusive modes (%y, 55, T), and
o runs over the sound modes (¢ = +). A straightforward k-expansion of
(147) at fixed z and subsequent inversion of the Laplace transform by means
of (114) yields

Uik, 1) = Uoif(t) + ikUyi(t) + (k)2 055(0) + (148)

where the coefficients for large ¢ are given by

~ B M‘.l.b(())
Usi(8) ~ 1732 et 149
o, J( ) (%:) BP(g'”Dab)alz ( a)
—ct ™2 G ~
01.ut) = gy 22 | Bsie@ -, (149b)
2 di 4 -4
U2 1J(t) — 2(8 D )3/2 2 Z f q Sd ¢ - 2 (149C)

In (149a) we have introduced the matrix elements M$?(0), which are defined
in (113) and have the values given in Appendix C. The summation index
{ab) takes the values (nn), (WT), (TT), and (ss), and D, = XD, + D,).
Equation (149a) describes the long-time behavior of the correlation functions,
and is in fact the first term of (115). The matrix elements of Uy(¢) and U,(¢),
or U,(t), are only nonvanishing when S7~9(§, —§) contains terms which are
respectively, even or odd in §,.

If we apply (1492)—(149c) to (146), we see from the expressions (C.4)—
(C.10) in Appendix C that 777, S5, and 3,7 are even functions of §,,
and S¢ ¢ is an odd function of §... Therefore the k-expansions of the functions
Ak, 1), Dy(k,t), and 7k, t) contain only even powers of k, where X (),
D, o(t), and 7i¢(2), defined in (141), can be taken directly from (149a) and
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(146). We further need to know 7,(¢), defined in (141). According to (146)
and (149c¢), it is given by

c2r12 di A
’72(0 = Py e 2(87TD )3/2 2 Z f = Sglnf(qz _'q)qxz

22

= 70B(8=D,)°" (150)

where we have used (C.4). The k-expansion of 6(k, ) contains only odd
powers of k, and, according to (141), (146), and (149b), is given by

pcaT ct?
(1) ~ — — 1) (8n D) 3 Z f dn Sir(q, —@)oq.
e (3 oy —1 afoc
~ T 3B@=D)? |5 {‘ —Tr te (a_n)s} (151)

where we have used (C.10) and (C.18).

From Egs. (148)-(151) we can determine the precise behavior of the
Burnett and super-Burnett coefficients defined in (144) and (145). The results
for the Burnett coefficients are

2CP M%g‘(o) 1/2
20 = ol 2 @Dy (1522)

2 3 -1 0
9u(t) = Tws(t) » W {3 - % + ’E’ (a;) }t”z (152b)

3 M‘lzlb(o) tl/z

wz( ) /3 & (SﬂDab)slz ( )

and for the super-Burnett coefficient
—c* 3/2 153
“) % To35ERDR 1

The values of the dimensionless coefficients M$P(0) are given in Appendix C.

We have shown, therefore, that all Burnett coefficients #,(z), 94(¢),
wy(t), and wgy(t) grow as t'? as ¢ gets large, and that the super-Burnett
coefficient grows as ¢/ as ¢ gets large. Notice also that the second term in
(145) does not contribute to the dominant time behavior. In addition, one
can see by inspecting the expressions for the heat flux and the pressure tensor
that the coefficients of the 7'/2 term in these quantities do not vanish by a
fortuitous cancellation.
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7. DISCUSSION

In this paper we have considered the analytic structure of the linearized
hydrodynamic equations. Our analysis has been based either (for a general
fluid without internal degrees of freedom) on the application of the mode-
mode coupling theory to the elements of the transport matrix Uk, z), or
(as discussed in Ref. 1 for a gas of hard spheres at moderate densities) on the
assumption that the behavior of Uj(k, z) for small k£ and z is determined by
the ring (and repeated ring) dynamical events.

The major results of the analysis carried out here are as follows.

1. The hydrodynamic equations beyond the Navier-Stokes order have a
very intricate structure. There is no longer an orderly progression from the
order-k? Navier-Stokes equations, to the order-k® Burnett equations, to the
order-k* super-Burnett equations, and so on, as one considers disturbances
of increasingly larger wave number k. Instead, there is an infinite number of
powers, of the form k?+F», P, = 1 — 27" n = 1, 2,..., which appear between
order k% and order k3. This is because the dispersion relations have a k-
expansion of this form.

2. In addition to poles, the hydrodynamic matrix also has branch points.
The relative importance of the pole and branch point contributions depends
on the particular time scale of interest. We found that for times of order
T4(k) = (Dk?) ™! the k**%» corrections to the hydrodynamic poles are more
important than the contributions from the cuts in the z plane, but that for
times of order (k) ~ (ck)~*! the branch point contributions are at least as
important as the £2*¥» corrections to the poles.

3. Asymptotic correction terms to the long-time behavior of the correla-~
tion functions, which are of the form ¢#~2?P»+2 with n = 1, 2, 3,..., are a direct
consequence of the k%*F» terms in the dispersion relations.

4. A straightforward expansion of the hydrodynamic equations in
powers of k leads to expressions for the Burnett and super-Burnett transport
coefficients which diverge in the long-time limit. In this paper we have
considered the coefficients connected with the hydrodynamic equations for
the velocity and temperature.

It is interesting to compare these results for the generalized hydro-
dynamic equations in fluids with the generalization of Fick’s diffusion
equation to higher order in k. To find corrections to Fick’s law, one can again
analyze the transport matrix elements by means of the mode-mode formula,
and can determine the hydrodynamic poles and the location and nature of
the branch point singularities. The dispersion relation for the relaxation time
of the diffusive mode does not contain terms of the form k2+%», 1 = 1, 2,....
This is because the antiparallel sound modes, which are solely responsible for
the £%*%» terms in the frequencies of diffusive modes (heat and shear), do



348 M. H. Ernst and J. R. Dorfman

not contribute in the self-diffusion case. In fact, it appears that it is not
possible to describe the decay of an excess density of tagged particles in
terms of corrections to Fick’s law in the form of a dispersion relation, since
on the time scale 7,(k) ~ (Dk®)~*' the contributions from branch cuts are
more important than the contributions from the hydrodynamic poles.®®

The long-time behavior of the velocity autocorrelation function
{0 1)0,>eq Shows the same behavior as the correlation functions discussed
in (115), and its dominant contribution for long times comes from a combina-
tion of a shear mode and the self-diffusion mode:

2
<U.x(t)vx>eq = 3[310[4_7_,,(‘D77 + D)t]3/2

R e e R

where D is the coefficient of self-diffusion. We have used the fact that the
frequency of the self-diffusion mode does not contain terms of O(k? *%»).

The coefficient of the =32 tail has here been taken from Ref. 5. The
difference between diffusive modes in fluids and the diffusive mode of tagged
particles is also reflected in the behavior of the super-Burnett coefficient, as
has been discussed by Keyes and Oppenheim,*® Dufty and McLennan,*?
and de Schepper ef al.®® In the case of self-diffusion, the appropriate super-
Burnett coefficient diverges as t*/2 for large ¢, not as 132 as is typical for the
super-Burnett coefficient discussed in Section 6. This is because combinations
of antiparallel sound modes, which lead to the r®2 divergence for other
transport processes, do not contribute to the super-Burnett coefficient for
self-diffusion.

Results similar to those given here for the coefficients of the k%*%» terms
have been found by Pomeau.®® However, in almost every case the coefficients
A, (), A(n), and Ay(n), given by Egs. (89)-(99) differ from the corresponding
results found by Pomeau. This difference can be traced to four main sources
of error in Pomeau’s calculations: (i) Trivial mistakes either in sign or in
algebra. (i) A systematic replacement of the quantity which corresponds to
S(§, —§)inour Section 3 by anaverage value S, where § = (4m)~? f dq S, —9)-
This replacement is not correct in the mode-mode formula for U(k, z) given
by Eq. (65), since denominators appear which also have a dependence on the
4. This wrong approximation also explains why Pomeau’s coefficients for the
long-time tails in C;;(0, ¢), defined by Eq. (115), and his coefficients for the
k2+Pn terms in the dispersion relations (89) are related in a simple way.
However, it is clear that in (0, ¢) a replacement of S(§, —§) by S is allowed,
since nothing else in the appropriate integral depends on §, while it is not
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allowed in the calculations of U(k, z). (iii) The term 8(k, z) is neglected in
the expression for the sound damping constant

Uoo k> Z) = lDl(ks Z) + % Y — l)DT(k5 Z) + O‘H(k, Z)(OCC/I’ZCP)

Pomeau has argued that 8(k, z) is proportional to k, while here we have
demonstrated that the term is of O(k*'?). (iv) The hydrodynamic frequencies
are determined as the solution of the wrong equation. That is, Pomeau solves
z, = k*D,(k, z,) and z, = iock + k*u,,.(k, z), instead of the correct equations
as given by Eqs. (55)-(57).

It is of considerable interest to determine whether the complex analytic
structure found for the hydrodynamic equations has any relevance for
experiment. In Ref. 1 we showed that, for dilute gases, the k%2 terms present
in the sound dispersion equation are undetectable at the present time. It
might be more appropriate to look for applications of the results obtained
here, which hold for a general fluid, to experiments on fluids at liquid den-
sities. It remains to analyze the results given here in order to determine the
magnitude of the effects in experimental situations.

APPENDIX A

In this appendix we will briefly review those fluctuation formulas that
are needed in the body of the paper, and which have been evaluated by Ernst
et al.® We refer to their paper for the details of the calculations. In this
appendix, expressions for the mode-mode amplitudes A*(§, /) are also given.

We consider fluctuation formulas in a grand canonical ensemble,
characterized by the parameters 8 = (kgT)~! and v = Bu, where p is the
chemical potential. The fluctuation formulas considered are given in general
in the form (ay, b) and (ay, bc;) where the inner product is defined in Eq.
(13), and where gy, b, , and ¢, are Fourier transforms of microscopic densities
which satisfy (1, ) = (1, &) = (1, ¢) = O.

We consider first (ay, b,) and observe that for small values of k the
inner products have the form

(ax, by) = (ao, bo) + O(K?) (A.1)

when a, and b, are scalar functions. The term linear in & vanishes due to
spatial isotropy of the equilibrium averages. Now let a, be the Fourier
transform of one of the microscopic functions ny, g, €y, Or 7y, defined in
Egs. (10) and (34). In the small-k limit they satisfy the relations

(a0, €0) = —(9a/9B),; (a0, no) = +(0ajov), (A.22)
(a0, So) = —(nT)"*(a/0B)p; (a0, Po) = nB~*(0a[on)s  (A.2b)



350 M. H. Ernst and J. R. Dorfman

where Sy and P, are defined in (15) and where n, e, P, and S are, respectively,
the values of the number density, energy density, pressure, and entropy per
particle in thermal equilibrium. Here a, should, according to Eq. (9), be
taken as

Ay = 4 - <A>eq (A3)

where 4 = jdr a(r) and a = {a(t)eq = V" {A)e. Fora = n, e, and g these
expressions are given in Eq. (10a). For the longitudinal component of the
longitudinal momentum density one has from Eqgs. (34) and (9)

Toxx = Jux — <Jxx>eq = Jyu — PV (A4)
where, according to (34),
N N N
Jox = Z mug, — -l-z Zr,-j,x dGD) (A.5)
i=1 2i¢j=1 8"1'7',90

The second equality in (A.4) is the virial theorem.

If a; in (A.2) is a linear combination of ny, ey, g, and ., with coefli-
cients depending on thermodynamic parameters, one may apply (A.2) to each
of the terms separately. This yields

(So, So) = ksCsln; (S0, Po) = (So; Toxx) = 0
(Po, Po) = (Po, Toxx) = pc?[B
In a similar way one can show that
(10, Tp) = 0; (To, To) = TinpCy . (A

where Ty is defined in (129) and we introduced here the specific heats per
particle Cr and Cy, and the adiabatic sound velocity c.

Next we consider the higher fluctuation formulas (ay, bycy) with I =
k — q, in the limit of small k and q. We need only the following combinations,
which have been evaluated by Ernst et al.®:

550 0 {-(2£)(29), - (2) (22)
s (S (2] o
o= (Y ((25), (2).59))

(A.6)

(2

[
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_ 2pc® [n foc y—1
TR {E (3_n)s T 2aT } (A.8c)
2 ~ 1
(?Oxxa gOtngB) = B_zp {Saxsﬁx - 2/—205—_ Smﬁ} (Agd)
(Toxy> Zoulos) = /3%{8”8” + 84y 85} (A.8e)
(&> G0xS0) = Ca/p? (A.8f)
(x> 80xPo) = pc?IB? (A.8g)

where y = Cp/Cy and « = —n~1(9n/6T)p. In (A.8d) and (A.8e) the labels
«, B denote Cartesian components (x, y, z).

These fluctuation formulas are needed to evaluate the mode-mode
amplitudes A7%(§, {) defined as

A7@, ) = iy, alarfy (A.9)

with I = k — q, and § and / are unit vectors along q and /, respectively. The
label i takes the values o; = 1, 2), 7, /, and o (¢ = +1), and the projected
currents ji, are defined in Eq. (42). The superscripts (r, s) = (91, 12, T,
o = +1) label the hydrodynamic modes a,' defined in Eq. (17).

Using (A.8), we can immediately write down the expressions for all
mode-mode amplitudes:

4@, 1) = Bp) gLl + ¢idl (A.10)
A57°@, D) = —(Bp) K, + 4,1 (A.11)
AF@, D) = (Bp) V% (A.12)
AF77@, D) = Bp) " H2olly — 1*2/aT Vs — L) (A.13)
Apm@, 1) = (Bp) V22l — v — D/2eT18,5 1) (A.14)

A b = @~ - 01 - (52), + % (%)} @19

7-0@, §) = Bp)- v —gf. — =L —qh + 2 (%
ar=e@ ) = G- ~ak - Lt a -+ 2(5) L e

AZM@, D = (o'|V2) A4, ) (A.17)
AX@ D = [y — D3V2]143°@§, I (A.18)
ATF(@§, D) = ('|V2)AT7@§, D) (A.19)

Ao D) = T DY geoa by + 2 Ar-o@, by (A.20)
s 9, \/E r {, ‘\/j i % :
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The set of unit vectors §, §,* ( = 1, 2) are mutually orthogonal, as are
the set £, [, (i = 1, 2). The amplitudes with (r, s) = (o0), (6T, and (on,) are
not listed, since they are not needed in our theory. All other unlisted ampli-
tudes vanish.

In order to have a complete list of relevant amplitudes, it is worthwhile
to consider the amplitudes involved in the correlation function C(0, z) for
the bulk viscosity, which are defined as

A2@, —0) = Bl D (Fows a@%) =3 > AP@, —§) (A2D)

X=XUs2 X T XYW 2
and we find from (A.14)-(A.16)
Am@, —d) = ~@p 2 22, @i=1,2) (A.22)
g —q P 3 oT i »J =1 .

AFT@, —) = (Bp) "%y — 1){1 - Zl@ (%Cf”)? + 1 (%) P} (A.23)

oA A 1 y—-1 n{oc
g—a . — =12/ _ __ —f—
A?=(q, —§) = (Bp) {3 —— + ¢ (6’1)3} (A.24)
APPENDIX B. THE MODE-MODE INTEGRALS FOR SMALL
VALUES OF k AND z

The mode-mode integrals have the general form

o dd SP@. )
Uik, z) = J 2m)° z — za(ql)l — zy(45) ®D

where q; + q; = k, and we take k = k&. It will be convenient to write
q, = q + y.k and q; = —q + y.k, where y; = 1 — y, is an arbitrary real
number. This is done in order to simplify a number of integrals which will
appear later. The prime on the integral sign indicates that |q| < k. The
vectors §; and §, are unit vectors parallel to q; and q,, respectively.

We make the following ansatz for the frequencies z,(k) for small k& with
a=0o,n,T:

z,(k) = — D,k® + A k?*F, H
z,(k) = —iock — DJ? + (A, — ioA)k2+P, ¢

where 1 < P < 1. The coefficient of k%2+7 in z, is in general complex. From
the observation z,* = z_,, made in Section 3, it follows that the real part
of this coefficient is an even function of o, and its imaginary part is an odd
function of o.

In the following discussion we investigate the behavior of U{(k, z) for
small values of k and z, starting with U{;~°(k, z), For this case we choose

T

s
. (B.2)
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y1 = v2 = %, so that ¢;® + ¢, in the denominator of (B.1) equals 2¢% + 1k2
The dominant contributions to U{;~%(k, z) come from regions where the
denominator of (B.1) becomes small, i.e., from regions around the lower limit
of the g-integration. In this region the denominator approaches z + iocckx,
where x = k-§, and the larger of the two small parameters z and & will
determine the dominant behavior of the integral. Therefore we introduce a
small parameter ¢ = max(z, k), which is equal to the maximum of z and
k. It is convenient to divide the interval for the g-integration into two regions:
0<g< NO(N>1)and NP < g < ky. In the first region we make the
substitution ¢ = 0y, and we determine the leading term for small 6. The
function S?~?(§,, §2) can be bounded from above by a constant; the denomi-
nator approaches {z + ioc(y; — yo) + O(6%)}, where y, = 0~ 1g;. Therefore
the contribution from the first region to U?~?(k, z) is of O(#?), and we can
write (B.1) as

g—0 — dﬁ ko 2 Sa_a(ﬁla 62)
Ur 2 = | (Er)‘sfm T @) - 2o L~ P

+ 0(6?) (B.3)

where

z — Za(ql) _ Z—a(q2) + Za(q) + Z—a(q)

F(q) zZ - Zo(ql) - Z—o(q2) (B4)
The g values in (B.3) are always larger than k, so that we may expand the
integrand of (B.3) in powers of k. Consider first the functions S¥;(§:, §2),
which, according to (66), are given in terms of the amplitudes 47 ~%(§;, §2).
The amplitudes, calculated in (A.10)-(A.24), depend on §, and §, only
through the combinations ¢i.4s, (o = X, ¥, 2), (§1.fay + G1od2x), and
(G1x — §a2x). These functions are obviously even functions of k. For small
values of k these combinations are equal to their value at & = 0, plus a
correction term of relative order O(k%;~2). Hence,

S77%G1, §2) = S77°@, — D[ + O(k*g~?)]
The integrand in (B.3) consists of two terms; one term, which does not
contain F(q), yields a constant U?~°(0, 0), plus a correction term of O(6)
from the lower limit, plus a correction term of O(k%60-1) < O(6), which
results from the O(k?g~2) correction to §°~°(§, —4§). In the second term of
(B.3), containing F(g), we make the substitution g = 62y, so that (B.3) can
be written as
Ue=c(k,z) = U°°(0, 0)
1/2 kolve C-0(R _& 2,-29-1
_ 4 quf" 4y S777@ — @+ Okey~20°)
2m)? B 2D, — 2A, 6P
x F(0Y2y) + 0(6) (B.5)
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where
F(6'2y)
_ z + iockx + O(K?y~=20-1) + O(ky**Pgi+3%)
Tz + dockx + 2Dy?0 — 2020 4+ O(kPy=207Y) + O(kyrtTOHER)
(B.6)
One can easily estimate the correction terms in (B.5) and (B.6) to be at least
of O(9).

The numerator and denominator in the integrand of (B.5) still contain
6-dependent terms of relative order 87/2. The coefficient of the first correction
term, which is of order 62 +1?, can be determined from (B.5) by expanding the
integrand in powers of 672, and keeping only terms linear in 6%/2. The result
of (B.5), correct to O(9), is then given by

Us-o(k, z) = U°~*(0, 0)

d4 5°~°(§, —§ £ A L+2¢°
I 42D, f dq§+q[1+ PDc }+0(0)

(B.7)

where we have extended the y-integration in (B.5) to the interval (0, o), which
again introduces errors of O(8). In (B.7) we have changed back to the original
integration variables and we introduced

{ = (z + ilockx)[2D, (B.8)

This result implies also that z in (B.8) should be replaced by zero if z =
O(k?).

As the next step we evaluate the g-integral in (B.7) for real, positive £,

and extend the result to complex { by analytic continuation. Since the
integral

P29 i TP+ 3)
Jo a4 €+ g 4 cos nP (B.9)

we find from (B.7)
Us-°(k,z) = U°790, 0)
j: > 85:11,) 2 [Cl/z ;A)ss 250:42-113 NH)M] + 009
(B.10)
where broken powers of { are uniquely defined for complex { by introducing
a branch cut along the negative real axis from { = 0 toward minus infinity.

For a discussion of U#(k, z), where (A, u) label diffusive modes (5, 94, T),
we choose y, = 1 — y, = D,/(2D,,), with 2D,, = D, + D,, so that

Dyg:® + Dyg,® = 2D5,9* + K*(D,D,[2D,,)
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We divide the g-integration again into the regions 0 < g < Nf and N8 <
g < kywith N > 1 and 8 = max(z, k). The contribution from the first region
is estimatzd in the same way as before, and yields a term of O(6%( 1), where
{=(2D,,) Yz + (D,D,2D,,)k?]). We then arrive at an expression similar
to (B.3) and (B.4), in which ¢ and ~—o are replaced by A and g, respectively,
and the term of O(6%) in (B.3) is replaced by O(63(~1) < O(f). In order to
proceed, we have to consider first the k-expansion of the functions S*(§,, §,).
In the previous case the strength factor S?-9(d,, §;) contained only even
powers of k. This property remains valid whenever two heat modes or two
shear modes are involved. However, for strength factors S%%(§,, §,) con-
taining a heat mode and a shear mode, odd powers of k also enter into the
k-expansion of the strength factors. The terms involving odd powers of &
have coefficients that are odd functions of x, while terms involving even
powers of k have coefficients even in x. From here on the analysis proceeds
in the same way as before, using in addition that odd functions of x vanish
due to angular g-integrations. The final result then reads

UMK, z) = U (0, 0)

44 S™(§, —§) 12 A (P +3) (P+1)/2

The implications of this result are as follows. If z £ O(k?), so that 0 = k&
and { = O(k?), then the leading term in (B.11) is proportional to V'{ = O(k),
and is of the same order as the neglected terms of O(8). The only conclusion
to be drawn is then

UMk, z) = UM(0,0) + O(k)  for z < O(K?) (B.12)

The term in (B.11) proportional to {¥+22 is only meaningful when it is
larger than O(#), which is the case for z > O(k*®*+¥), In Section 3 we use
(B.11) for P in the range 3 < P < 1; so we should restrict z to be larger than
or equal to O(k), and we should therefore neglect the terms of O(k?) in {.
Thus Eq. (B.11) holds if

z > O(k) (B.13)
and
= 2z[2Dy, (B.14)

The remaining mode-mode integrals U (k, z) and U#(k, z) can be estimated
with the result

Uik, z) = U7(0,0) + O() (B.15)

and a similar result for U (k, z).
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An inspection of three-mode contributions to U#P(k, z) and of contribu-
tions from the higher terms in the k-expansion of the hydrodynamic modes
indicates that these contributions are less important than the ones considered
here.

APPENDIX C

In this appendix the mode-mode strength factors S#P(§, —§) are calcu-
lated, as well as the coefficients M@(n), which lnvolve certain angular
averages of the strength factors.

From the results of Appendix A the strength factors, for k£ = 0, defined
as
SH@ —4) = 4@, —PAP@, —D)* (C.1)
can be calculated in a straightforward manner. It is convenient to take all
degenerate shear mode contributions together, using the identity

Gy + O Ghadis = Sup (C2)

i=1,2

where «, B = x, y, z label Cartesian components. The results are

2. SHH@ —@) = (72 - 47 - 407 + 2074°] (C.32)
’ = (Bp)"1(1 + x* — 2x%) (C.3b)
S22, —8) = (Bp) 71424, (C.4a)

= (2Bp) " x°(1 — x?) (C.4b)

Z S @ —8§) = (Bp) 0 — x?) (C.5)
27°@ — ) = Bp) "'y — ()" %x? (C.6)

Z SI@ —8 = (B) 410 - ¥ + A0~ ¥) + 347 (C)

i,j=1

SE@ ~8) = (815 (€8)
S57@ ~@) = (Bp)"D* + 4 + DF (©9)
o -0 =B T et 44D (C10)

> Su@ —@ = (Bp) 201 — xH* + A(l = x) + 347 (C.1D)

i,7

2.55@ —9 = B~y = DI - ) €12
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§55(@, —4 = (8p)~'4B? (C.13)
S5, — @) = (Bp)~4[x* + Al — oo’x) + D]? (C.14a)

= (Bp)"M(c0’'x) (C.14b)

2 SE™(§, —@) = (Bp)~2[F + 4]? (C.15)
S#@, -4 = (Bp)~'B? (C.16)

S& (@, —4) = Bp) '3+ 4 + DP (C.17)

where

___y—l. _n dc
A=-=73 D c(an)

1 an 1 306
b= (F), <5 (7)o -
In these expressions x = ¢,.. We notice further that the equalities (C.3b) and
(C.4b) are actually the averages of (C.3a) and (C.4a), respectively, over the
azimuthal angle. The equality sign applies only under the integral sign
| 44, which is all that is needed.

In the second part of this appendix the quantities M #’(n) defined in (76)
are calculated, starting with (u = 2, T)

(C.18)

M) = 560 3 [ 5 557G ~ el (€19)

Using (C.4) and (C.6), this yields
M) = 16 + PG + P (C20)
Min) = (7 — D(eT) %G + P (ca1

The quantity M (n) is defined, according to (85b), as
1
M%) = %J dx M(x)(1 — x)Pn (C.22)
-1
where P, = 1 — 27" From (C.14) we find
M30) = 33 + 3(4 + D) + 442 + 24D + D?) (C.23)
. 1 211 92 22 4 , 4 1.,
Ms,(1) = «/5(5.7_9.11 +s5zgAd+5s=sD+54"+24D+ 3D )
(C.24)

M3 (o0) = 7}(5 184 + 3D + 242 + $4D + D? (C.25)
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Table . Values of M2°(0)

ab
rr 5§ 7 7T T
M T 5 0 0
T oy — D)(aT)? 0 % 0
1) £+ +4%44+ D)+ (4 + D)? 1%+ 34 + 42 0 1B?
144 G+ 4+ D) Z + 47 0 1B?
oo 33+ 34+ D) B+ 34 + 34 Hy = 1) 1B
+ 242 + 24D + D?]

The next set of quantities to be considered are M$3(0), M77(0), M77(0),
and MZT(0) for r = o, 71, T, I, and {, defined as

M0 = 3803 [ A s3o@ -0

wp©) = 30 | A sw@, - o
2
MEQ) =S [ Bswa -a

MO = 560 [ F TG -0

Notice that (C.19) and (C.22) reduce to (C.26) for n = 0. The results are
given in Table 1.
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